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Abstract

We construct smoothly bounded pseudoconvex domains in C™, convex in certain
cases, whose weakly pseudoconvex loci realize prescribed closed sets. The construction
is based on Whitney extension, local smooth plurisubharmonic solutions of the com-
plex Monge—Ampeére equation, and a regularized maximum function used to patch local
models with exterior barriers. We also obtain explicit upper bounds for the D’Angelo
type along the prescribed weakly pseudoconvex locus. Finally, we formulate two con-
jectures relating finite D’Angelo type, nonflatness of the Levi determinant, and the size
of the weakly pseudoconvex locus.

1 Introduction

A fundamental problem in several complex variables and complex geometry is to understand
the geometry and analysis of weakly pseudoconvex boundary points of pseudoconvex do-
mains. One of the central invariants in this direction is D’Angelo type, which measures the
maximal order of contact between the boundary and germs of holomorphic curves passing
through a given boundary point.

For smooth hypersurfaces locally defined by real-analytic functions, the structure of points
of infinite D’Angelo type is rigidly constrained. A landmark theorem of D’Angelo [2] states
that the D’Angelo type at a point of such a hypersurface is infinite if and only if the hypersur-
face contains a germ of a nonconstant holomorphic curve through that point. On the other
hand, according to a global theorem of Diederich—Forneess [5], every compact real-analytic
variety in C" contains no such germ. Combining these two facts, one obtains that every
smoothly bounded pseudoconvex domain with real-analytic boundary is of finite D’Angelo
type at every boundary point.

While real-analyticity forces infinite-type points to arise from complex analytic varieties,
this characterization fails for general smooth hypersurfaces. Nevertheless, D’Angelo proved
in [2] that the set of points of finite type is open on the hypersurfaces. In particular, the
condition that the D’Angelo type is equal to 2 corresponds to Levi non-degeneracy and
hence is open. For pseudoconvex domains, this is precisely strict pseudoconvexity. The
weakly pseudoconvex locus is the set of boundary points at which strict pseudoconvexity

2020 Mathematics Subject Classification. Primary 32T27; Secondary 32T25.
Key words and phrases. Weakly pseudoconvex locus, D’Angelo type, Levi determinant, convexity.



fails. This locus is important not only geometrically but also analytically: in the O-Neumann
problem, the availability of local subelliptic estimates depends sensitively on its size, flatness,
and structure. The role of the weakly pseudoconvex locus is also evident in the celebrated
Diederich-Fornaess worm domain [4], which has served as a fundamental example permeating
the field of several complex variables and showing that smooth pseudoconvexity alone does
not guarantee the expected global analytic behavior. Its weakly pseudoconvex boundary
structure is closely tied to phenomena such as the failure of Stein neighborhood bases and
the irregularity of canonical operators.

In a related forthcoming work, the second author, jointly with Shao, Shi and Wu [16], has
shown that, given a smoothly bounded real-analytic pseudoconvex domain €2, there exists
a smooth perturbation €2, of 2 whose weakly pseudoconvex locus coincides with that of €.
Moreover, €). is strictly pseudoconvex and real-analytic away from this locus. At each point
of this locus, the boundary of €2, fails to be real-analytic, while the corresponding D’Angelo
type coincides with that of the original domain.

Unlike the rigid analytic structure of weakly pseudoconvex loci in the real-analytic cat-
egory, smooth pseudoconvex boundaries may exhibit substantially greater flexibility. The
purpose of this paper is to address a complementary realization phenomenon: in the smooth
category, weakly pseudoconvex loci can be prescribed a priori with considerable freedom,
including sets that need not arise from real-analytic geometry, while retaining finite type
control. Thus, even under a uniform finite-type bound, weak loci may have exotic non-
analytic structures. Throughout the paper, we write points in C" as (z,w) € C"! x C.

The first theorem constructs a smooth convex domain of finite type in C? whose weakly
pseudoconvex locus has the structure of a family of tree-like sets in the Imw (i.e., the Reeb)
direction, rooted at the points of a prescribed compact set E in the z (complex tangential)
direction.

Theorem 1.1. Let E C R C C be an arbitrary compact set. For every integer m > 2,
there exist a smoothly bounded convex domain Q C C? and a neighborhood U of the set
(E +i0) x (R +140) in C?, such that the weakly pseudoconvez locus of ) is precisely

W={(z,w) €bQ:Rez€ E, Imz=0}N U.
Moreover, the D’Angelo type is equal to 2m at every point in W.

By adding a controlling term in the Imw direction to the defining equation, we shall
eliminate the fibers in that direction and obtain a smoothly bounded convex domain whose
weakly pseudoconvex locus is precisely the prescribed compact set.

Theorem 1.2. Let E C R C C be an arbitrary compact set. For every integer m > 2, there
exists a smoothly bounded convexr domain Q C C2, such that the weakly pseudoconvex locus
of Q) is precisely

W={(z,w) €bQ:Rez € E, Imz=0 and Imw =0} =4 E.
Moreover, the D’Angelo type is equal to 2m at every point in W.

A surprising special case occurs when F is a Cantor set, which is totally disconnected
but may have either zero or positive Lebesgue measure. More generally, depending on the



construction, a Cantor set in R may have any prescribed Hausdorff dimension between 0 and
1. In this setting, the construction in Theorem 1.2 can realize any such Cantor set as the
weakly pseudoconvex locus, while Theorem 1.1 produces what may be regarded intuitively
as a “Cantor forest” as the weakly pseudoconvex locus; see Figure 1.

In higher dimensions, we have constructed a similar result as in Theorem 1.1, although
in this setting the construction produces pseudoconvex domains.

Theorem 1.3. Let n > 3 and E C R*"!' C C"! be an arbitrary closed set. For every
integer m > 2 and every point xg € E, there exist a smoothly bounded pseudoconvex domain
Q C C" and a neighborhood U of the real line {xo+10} x (R+140) in C", such that the weakly
pseudoconver locus of §) is precisely

W={(z,w) €bQ:Rez€ E, Imz=0}N U.
Moreover, the D’Angelo type is less than or equal to 2m + 2 at every point in W.

If the prescribed closed set E' is of real dimension n — 2, then the construction can be
altered to produce convex domains, as given below.

Theorem 1.4. Let n > 3 and E C R"2? C C" 2 be an arbitrary closed set. For every
integer m > 2 and every point Ty € E, there exist a smoothly bounded conver domain
Q C C" and a neighborhood U of the real line {(&o,0) +i0} x (R +40) in C*, such that the
weakly pseudoconvex locus of ) is precisely

W ={(z,w) €bQ:Rez € Ex {0}, Imz=0}N U.
Moreover, the D’Angelo type is less than or equal to 2m at every point in W.

Our construction is based on three main ingredients. First, we make use of the Whit-
ney extension theorem to construct hypersurface models whose weak loci agree with the
prescribed closed sets. When n = 2, the construction can be carried out using elementary
subharmonic potentials, since the weak pseudoconvexity condition corresponds to a linear
Poisson equation in this dimension. The hypersurfaces obtained by this construction are,
however, initially unbounded. When n > 3, the weak pseudoconvexity condition is reduced
to a fully nonlinear partial differential equation. We instead use local solvability results
for the degenerate elliptic Monge-Ampere equation, due to Hong and Zuily [9] and Kallel-
Jallouli [10], to obtain smooth convex/plurisubharmonic potentials and hence the desired
local hypersurface models. Secondly, in order to pass from unbounded or local hypersur-
faces to bounded global hypersurfaces without changing the prescribed weak loci, we use
a symmetric smooth regularized maximum function. This function is obtained by mollify-
ing the absolute value function and is designed to preserve the monotonicity and positive
semi-definiteness properties. Finally, we introduce an anisotropic ellipsoidal global barrier,
which, together with the regularized maximum function, allows us to perform the patch-
ing construction and yield smoothly bounded global domains, while preserving the weakly
pseudoconvex loci and keeping the D’Angelo type under the prescribed upper bound.

The rest of the paper is organized as follows. In Section 2, we review the definitions of
weakly pseudoconvex locus and D’Angelo type, together with several examples. In Section



3, we prove the Whitney extension theorem needed for the construction. Local models with
the prescribed weakly pseudoconvex loci are constructed in Section 4 in dimension two,
and in Sections 5 and 6 in higher dimensions. To patch the local models with exterior
barrier functions, we discuss a regularized maximum function in Section 7. In Sections 810,
we construct global smoothly bounded domains and verify the desired properties, thereby
completing the proofs of our main theorems. Finally, we close the paper in Section 11 by
formulating two related conjectures concerning finite D’Angelo type, the degeneracy of the
Levi form, and the size of the weakly pseudoconvex locus.

2 Preliminaries

Let 2 be a smoothly bounded pseudoconvex domain in C"” with a smooth defining function
p, n > 2. Namely, p is a smooth real function near a neighborhood U of the boundary b2
with QNU ={peU:p(p) <0},QNU={peU:p(p) =0} and Vp # 0 on b.

2.1 Levi determinant and weakly pseudoconvex locus

Definition 2.1. At a boundary point p € bS2, the complex normal gradient in terms of
coordinates (z1, ..., 2,) is given by the vector

([ 9p Op ap
ap(p)_ <82176z27"'782n>

The complex tangent space T,°(bQ) is defined by

THO(b0) = {5 Z% p)(&) = } {5 Zfﬂaz] ‘ gp()f:o}.

After identifying £ = 37, @% with its coefficient vector (&1, ...,&,) € C", the condition
J
for the complex tangent space Tpl’o(bQ) can also be written as

where (-, -)cn denotes the standard Hermitian inner product, taken to be linear in the second
variable.

The intrinsic geometric behavior of the boundary is captured by the Levi form defined
on the complex tangent space as below.

jOZy,
form at a point p € V) evaluated on a vector £ € Tplvo(bQ) 1s the quadratic form

Ly(p;€,€) = € H,y(p)€

restricted to the (n — 1)-dimensional subspace T, °(bS2).

Definition 2.2. Let H, = <8Zi_2@> be the full n x n complex Hessian matriz of p. The Levi



Since the Levi form is intrinsically defined only on the complex tangent space, we shall
use the complex Hessian restricted to this subspace. For p € b2, choose an n x (n — 1)
matrix £, whose columns form an orthonormal basis of the complex tangent space Tplvo(bQ)
with respect to the standard Hermitian metric on C*. We define the restricted complex
Hessian at p by B

Hy(p) = E;H,(p)Ep.
This is an (n — 1) x (n — 1) Hermitian matrix representing the Levi form of 0§ at p with
respect to the chosen orthonormal basis of T,%(bQ2).

Although the matrix H »(p) depends on the choice of orthonormal basis, a different choice
changes it only by unitary conjugation. Thus its eigenvalues are independent of this choice.
We denote these restricted eigenvalues by

A(p) < Xa(p) < - < Aa(p).
The product

[ (00 = det A, 0

will be called the Levi determinant of 0{) at p, with respect to the defining function p.

The following simple example illustrates how to compute the restricted complex Hessian
and its eigenvalue(s).

Example 1. Consider the pseudoconver domain Q = {z € C? : |z1]* + |2|* — 1 < 0} with
defining function p(z) = 2121+ (2222)* — 1. We compute the restricted complex Hessian at the
boundary point p = (1,0). The complex gradient is Op = (21, 2%|20|?), which at p becomes

0). The full

(1,0). It follows that the complex tangent space T,°(bQ) is spanned by E, = (1

100 = (5 o) = o)

Therefore, the restricted Hessian matriz at p is

H,(p) = ExH,(p)E, = (0 1) (é 8) ((1)) = 0.

Hence the unique restricted eigenvalue is \y = 0, identifying p as a point where the Leuvi
determinant vanishes.

complex Hessian at p is

While the individual restricted eigenvalues \;(p) are extrinsic and depend heavily on the
scaling of the defining function, Sylvester’s law of inertia guarantees that the signature of
the Levi form is a biholomorphic invariant. In particular, the weak locus, the degeneracy of
the Levi form as defined below, is independent of the choice of basis.

Definition 2.3. The weakly pseudoconvex locus (or simply, the weak locus) of a
smoothly bounded pseudoconver domain (), denoted by W C b, is the set of all boundary
points where the Levi determinant vanishes. Explicitly, it is the zero locus of the minimal
restricted eigenvalue

W= {peb:\(p) =0}
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2.2 Alternative definition by bordered Hessian

Computing restricted eigenvalues via point-wise orthonormal frames F, is useful locally, but
it is not well suited for global arguments. In general, the complex tangent bundle need
not admit a global smooth orthonormal frame. We therefore replace the frame-dependent
restricted Hessian by a globally defined bordered Hessian matrix.

Definition 2.4. The bordered Hessian matriz H'* associated with p is the (n+1)x (n+1)

Hermitian matrix 5
0 p
HbY — ( ) on bS).
’ (Op)" H,

We define the corresponding bordered Levi determinant by

A, = detH:jd on bS).

o= —

The following known lemma shows that the bordered Levi determinant agrees with the
Levi determinant up to multiplication by a smooth positive factor. For the reader’s conve-
nience, we provide the proof in Appendix A.

Lemma 2.5. Let p be a smooth defining function for Q). Then, for every p € bS), the bordered
Levi determinant satisfies

M) = 90 T A0,

where M\ (p) < -+ < A\y_1(p) are the eigenvalues of the restricted complex Hessian ]TIp(p).

As an immediate consequence of Lemma 2.5, we have the following characterization of
the weak locus in terms of the bordered Levi determinant.

Remark 2.6. Since |0p| is nowhere zero on the boundary of the smooth domain, the invariant
A, ezhibits exactly the same vanishing property as the corresponding Levi determinant in view
of Lemma 2.5. Consequently, the weakly pseudoconvex locus is characterized by

W ={peb:A,(p) =0}
We now examine the behavior of weak loci for two explicit examples below.

Example 2. Consider the domain Q = {(z,w) € C*: |2]> + |w|* — 1 < 0}. The defining

function p = |z|* + |w|* — 1 is decoupled. By a direct computation, the bordered complex
Hessian
0 z 2w|*w
bd _ -
H)(z,w) = z 1 0

2QwPPw 0 4w]?

Hence by the cofactor expansion
A, = —det Hﬁd = z (4w]*z) + 2w*w (2|w]*w) = 4|w]? (|2|* + |w|*).
Restricted on the boundary, we further have

A, = 4w|? on b2.



Therefore
A,=0 <= w=0.

Combining this with the boundary equation gives |z| = 1. Hence the weakly pseudoconvex
locus s

W ={(2,0):|z] = 1} 2up S".
In the second example below, the weakly pseudoconvex locus is diffeomorphic to St x S1.

Example 3. Consider the domain Q = {(z,w) € C? : |w|* + 16(|2|* — 1)4 — 3 < 0}. For

the defining function p = |w|* + 16(|z|2 — 1)4 — }l, a straightforward computation gives the
bordered complex Hessian

0 64(|z]* — 1)z w
Hfl)’d(z,w) = 64(|z|2 — 1)32 64(|z|2 — 1)2(4|z|2 —-1) 0
w 0 1
Hence
Ap(z,w) = 647 |2[2(2]* = 1)° + 64(]2* = 1)*(4]2]* = 1w/ (2.1)

Since 16(|z|> — 1)* = 3 — |w|* < 1 on bQ, we have ||z]* — 1] < ﬁi’ and in particular,
41z* > 1 on bQ. Therefore both terms in (2.1) are nonnegative on bQ. Consequently,

if A, = 0, then the first term forces |z| = 1. The second term vanishes there as well.
Substituting this into the boundary equation gives |w| = % Thus the weakly pseudoconvex
locus s

1
W = {(z,w) cC*: |zl =1, |w| = —} g St x St

[\]

2.3 Rigid domains

A domain Q C C" is called rigid if there exists a real-valued function f : C*~! — R such
that
Q={(z,w) €eC" ' xC:p=Rew+ f(z,2) < 0}. (2.2)
9p

Since £ = % does not vanish, p is a defining function with nonvanishing gradient on ).
Hence €2 has smooth boundary whenever f is smooth. Due to the independence along the
Imw direction, such domains are never bounded.

We next compute the complex tangent space, the Levi form, and the weakly pseudoconvex

locus of a rigid domain. They will be used repeatedly in our later construction.
Lemma 2.7. Let Q2 be a smooth rigid domain in C™ defined in (2.2). The following holds.

1. The complex tangent space at p € bS) is

0 0
T () = Li=——2f.(p)—:j=1,....n—1%.
P (b ) Spa’n(C{ J azj fzj(p)aw J ) y 1 }



2. With respect to the complex tangential frame {Li,...,L,_1} as above, the restricted
complex Hessian of p is exactly

.Elp:Hf (fz]zk):kll

In particular, ) is pseudoconvez if and only if [ is plurisubharmonic.

3. If f s plurisubharmonic, then the weakly pseudoconver locus is

W ={pebQ:det H¢(p) = 0}
={(z,—f(2,2) +iv) € C" : det Hs(z) = 0,v € R}.

Proof. Since the complex normal gradient is

1
ap — <fZ17“'7on17§> Y

a (1,0)-vector L = Z] 1 53 95 T £n 2 5 is complex tangential to b2 if and only if
n—1 1
Zfzj'fj + §£n =0.
j=1

In particular, for each j = 1,.. — 1, setting L; = az QfZJ8 , the above equation is
satisfied. Since {L;,7 = 1,...,n — 1} are linearly 1ndependent, they form a basis of the
complex tangent space T;’O(bQ).

The complex Hessian of p has the block form

Hy O n
H, = ( Of 0) ) Hy = (fzjzk)]kll

Let £ be the n x (n — 1) matrix whose j-th column is the coefficient vector of L;, j =
1,...,n—1. Then

Infl
E= (_sz)v fZ: (le fznfl)'

The restricted complex Hessian in the frame {L4,..., L,_1} is therefore

~ ) o (Hy O (I
H,=E'HE=(I,., —2f}) ( of 0) (—2flz) = .

Thus 0f2 is pseudoconvex precisely when f is plurisubharmonic. Moreover, the weakly pseu-
doconvex locus is given by

W ={(z,w) € b2 : det H¢(z) = 0},

provided that Hy > 0. O



Alternatively, one can directly compute the corresponding bordered complex Hessian

0 f: 3
H=|(fI Hy 0
10 0

2

The cofactor expansion gives the Levi determinant
A, = —det H™ = S det 7
p=—detH, =1 et Hy.

from which the form of the weakly pseudoconvex locus follows.

2.4 D’Angelo type

The D’Angelo type for smooth hypersurfaces was introduced by D’Angelo to measure the
maximum order of contact of complex analytic varieties with the hypersurfaces; see, for
example, [2,3]. We first recall the notion of vanishing order. Let g = (¢1,...,9n) be a
smooth vector-valued function defined near 0 € C, with ¢g(0) = 0. We define
v(g) = min v(g;).
Equivalently, v(g) = m if B
9(Q) = Pu(¢, Q) +O(¢™),

where P, is a nonzero homogeneous polynomial vector of degree m in ¢ and (.

Definition 2.8. Let M be a smooth hypersurface in C" with smooth defining function p.
The D’Angelo type of M at a point p € M s defined by

vpor) (2.3)

where the supremum is taken over all germs of nonconstant holomorphic curves v : (C,0) —
(C™,p). The point p is called a point of finite type if T(p) < oo. Otherwise, it is called a
point of infinite type.

The hypersurface M is said to be of finite D’Angelo type if

sup 7(p) < o0.
peEM

A smoothly bounded domain €2 in C" is said to be of finite D’Angelo type if its boundary bS)
is of finite D’Angelo type.

For a smoothly bounded pseudoconvex domain €2 and a boundary point p, the condition
7(p) = 2 is equivalent to strict pseudoconvexity at p, where the Levi form is strictly positive.
Hence the weakly pseudoconvex locus W can be equivalently described in terms of the
D’Angelo type as

W ={peb:r(p) > 2} (2.4)

9



If the boundary bS) contains a germ of a nonconstant holomorphic curve, then the corre-
sponding D’Angelo type is infinite everywhere on the curve. As a consequence of (2.4), the
image of the whole curve is also contained in the weakly pseudoconvex locus W, where the
Levi determinant vanishes. In the real-analytic category, this connection is especially rigid.
D’Angelo proved in [2] that, if b2 is real-analytic near p, then 7(p) = oo if and only if 052
contains a germ of a nonconstant holomorphic curve passing through p. This equivalence
fails in general for smooth hypersurfaces, as shown by a simple example below.

Example 4. Let M := {(z,w) € C*: p = Rew + ¢ = 0}, where ¢ TP is understood to
_1_
be extended smoothly by 0 at z = 0. Since poyy = e €7 along the complex line vo(¢) = (¢, 0)

and e_ﬁ vanishes to infinite order at 0, it follows that 0 is a point of infinite D’Angelo type.
On the other hand, M contains no nonconstant germ of a holomorphic curve through 0.
Indeed, if v(¢) = (2(¢),w(C)) is such a curve, then z(0) = w(0) =0 and

Rew(() = T for all ¢ near 0.

For every positive integer k, taking k derivatives with respect to ( on both sides and then
setting ¢ = 0, one itmmediately obtains that the holomorphic function

1
Consequently, e 12O =0, and hence

Therefore v is constant, proving that no nonconstant holomorphic curve germ is contained
in M.

Thus, a point of infinite D’Angelo type on a hypersurface does not in general imply the
existence of a complex analytic subvariety contained in the hypersurface. Moreover, Kim—
Thu [12, Example 2] and Nguyen—Chu [15] constructed some smooth real hypersurfaces
with points of infinite type at which the supremum in (2.3) of Definition 2.8 is not attained.
Equivalently, such hypersurfaces admit no holomorphic curve having infinite order contact
with the hypersurface at a point of infinite type. We also refer to [7] for pseudoconvex
examples of this phenomenon. On the other hand, Forneess, Lee and the last author [6]
proved the existence of formal complex analytic curves at points of infinite type.

Despite the simplicity of the definition of D’Angelo type, determining whether a hyper-
surface is of finite type can be technically difficult in practice, even in the real-analytic
setting in C?, due to the involvement of the implicit function theorem. See Appendix B for
an elementary-looking non-algebraic real-analytic hypersurface in C? for which determining
finite D’Angelo type appears to be nontrivial.

3 Whitney extension theorem

The classical Whitney extension theorem may be stated as follows. Let F be a closed subset
of R™. Suppose that {f,} is a collection of functions on FE, indexed by all multi-indices «a,

10



satisfying the following compatibility condition: for every m € N and every multi-index «
with |a] < m,

flw) = Y L2 Ry forall my e B
|B8]<m—]al '

where the function R, (z,y) = o (]:U — y[m_“") uniformly as x — vy in E. Then there exists
a smooth function F' on R™ such that

F=f, onkE, D*F =f, onkFE,

for every multi-index «. See, for instance, [8,13,14,17].

We shall need the following variant of the Whitney extension theorem for existence of
nonnegative smooth functions that are flat on a given closed set E in the later construction.
Recall that a smooth function f is said to be flat at a point if all its derivatives vanish at
that point.

Proposition 3.1. Let E be a closed subset of R™. Then there exists a smooth function 1
on R"™ such that

1. v >0 on R,
2. p71(0) = E;
3. 1 s flat at every point of E.

Proof. Since R™ is paracompact (i.e., every open cover has a locally finite refinement) and
R™\ E is open, there exists a countable locally finite collection of open balls {B,,(c;)}jen in
R™ centered at c; with radius r; > 0, such that

R"\ E = U B,,(c)).

See Lemma A.1. Here, local finiteness means that every point has a neighborhood intersect-
ing only finitely many balls in the cover.
For each j € N, define

1
z—c;|2—12
Yj(x) = eI, v e Byy(o);
0, otherwise.

Then ¢; € C*(R"), ¥; > 0 on B, (c;) and is flat everywhere else. Choose constants a; > 0
such that

aisw YD) <27, (31)
121<7 qenn Jal<j
and set -
’QZJ = Z CLj@Z)j.
j=1

11



By the local finiteness of the covering, the function v is smooth on C*(R" \ E).
To see that v is smooth across E, we show that for each R > 0 and multi-index A\ € N”,

o0

> sup |a; DMy

=1 |z|<R

converges uniformly on {|z| < R}. Indeed, let N € N be such that N > max{R, |\|}. For
q > m > N we have

q

sup |a; DM (x)| < Z a; Sup Z |D"9;()]

1 lzl<R || <N

j=m+ j=m+1 veN" Jv|<N
q q
v -
< Y agsup Y DY) < Y 2,
jemtt ST e < j=m+1

where the last step follows from (3.1). Hence the derivative series converges uniformly on
compact subsets of R™. Therefore ¢ € C*°(R") and

D)\Q/J = Z CL]’DAQ/J]' (32)
7j=1

for every multi-index \.
We now verify the desired properties of 1. Since each 1; > 0 and each a; > 0, we have
¥ > 0 on R™. Moreover,

Y(p) =0 <= ¢;(p) =0forall j <= p¢& B, (c;) forall j <= pec L.

Thus ¢~ '(0) = E. Finally, if p € E, then p ¢ B,,(c;) for every j, and hence each v; is flat
at p. The flatness of 1 on p € E then follows from this together with (3.2). O

From the proof, one also sees that the function v constructed above is real-analytic at
every point of

R" \ U bB"’j (Cj)a

j=1
and is not real-analytic elsewhere.

4 Unbounded convex models in dimension two

In this section, we shall construct a convex domain in C? whose weak locus forms a trivial
R-family over the prescribed closed set £ C R, and hence is diffeomorphic to £ x R. Note
that E may not be real-analytic. Thus we ought to carry out the construction entirely within
the smooth category.

Recall that a domain 2 C R" is called convex if, for any two points in €2, the line
segment joining them is contained in €. For a domain €2 C C", convexity is understood after
identifying C" with R?". A C? function p on a convex domain D C R" is called convex if
its real Hessian D?p is positive semi-definite at every point of D. In particular, a domain
defined as a sublevel set of a convex function on a convex ambient domain is convex.

12



Proposition 4.1. Let E C R C C be a closed set. For any integer m > 2, there exists a
smooth convex domain Q@ C C? such that the following hold.

1. The weakly pseudoconvex locus W of € is exactly

W ={(z,w) €b: Rez€ E, Imz =0} =45 F xR,

2. The D’Angelo type satisfies

T(p) = 2m for every peW.

Proof. We shall define a rigid domain €2 by
Q= {(z,w) € C*: Rew + f(z,2) < 0}.

Here in terms of coordinates z = x + iy and w = u + v, the potential function f will be
chosen in the decoupled form

f(z,2) = y*™ + ®(z), (4.1)

where m € Z*, and ® : R — R is a smooth function. Note that such a domain is always
smooth but unbounded.

Choice of ®. For the given closed set £ C R, we shall construct ® such that ®”(z) = 0
exactly on E and ®”(z) > 0 everywhere else. In fact, by the Whitney extension theorem
Proposition 3.1, there exists a smooth, non-negative function v on R such that

Y(x) =0 < z€FE, (4.2)

and v is flat at each point of E. Integrate 1) twice and set

T t
B(z) = / / (s) ds dt. (4.3)
o Jo
By the Fundamental Theorem of Calculus,
" =1 on R.
Thus ® satisfies the desired properties. Moreover, since
o' = / W(t) dt
0
and ¢ (x) > 0, inspecting separately the cases z < 0 and = > 0 gives
z®'(z) >0 on R. (4.4)

This property will be crucially used in Sections 8 and 9.
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Convezity. In the real coordinate frame (x,y,u,v) € R* the real Hessian matrix of the
defining function p(z,w) := Rew + f(z, 2) is

W(x) 0 00

5 | 0 2m@2m-1)y*™2% 0 0
D P(CU,?J;U,U) - 0 O O O )

0 0 0 0

which is positive semi-definite for all m > 2. Thus, €2 is a sublevel set of the convex function
p in R*, and hence is a convex domain. In particular, Q is pseudoconvex.

Weak locus. According to Lemma 2.7, the weak locus of € is
W ={(z,w) € b2 : f.z(z) = O}.

By a direct computation, one has

foz = iAf = i [2m(2m —1)y*m 2 + 20(90)] )
Since both terms in the bracket are nonnegative, the Levi form vanishes if and only if
y=0 and (x)=0.
Combining this with (4.2), one has the weak locus
W ={(z,w) € bQ:Rez € E,Imz =0}

={(2,0,-®(z),v) ER* : 2 € B} 24¢ F x R.

D’Angelo type. At points off the weak locus W, since 2 is strictly pseudoconvex, the
D’Angelo type is equal to 2. To calculate the type effectively at a fixed point

p = (2p,wp) = (2, + 10, —=P(z,,) +iv,) € W

where x, € F, we need to normalize the coordinates system.

Since ®"(z) = ¢(z) and ¢ is flat at z, € E, the formal Taylor series of ® around the
center z, terminates exactly after the linear term, leaving a smooth remainder function R(z)
that is flat at z,:

() = Dla,) + ¥ (a,) (- 2,) + R(a).

Substituting this expansion back into our defining function yields
p(z,w) = Re w + y*" + ®(z,) + ®'(z,)(z — x,) + R(z).

Noting that z,, ®(x,) and ®'(z,) are real, we collect the linear and constant terms into a
single pluriharmonic expression:

Re w+ ®(x,) + ®'(z,) Re(z — z,) = Re[w + D(z,,) + P'(x,) (2 — 2p)] -

14



We define a global biholomorphic coordinate transformation (z,w) — (Z,w) via
Z=2z— Zp;
W =w+ O(zp) + ¥ (2)(2 — ).

In these normalized coordinates, the defining function simplifies to

p(2,) = Re @ + ™ + R(%),

where R(Z) is flat at & = 0.
Let

Y(€) = (2(¢), w(¢))
be a nonconstant holomorphic curve with 7(0) = 0. Restricting p on 7y, we have
(5 o) = Rew(¢) + [Tm 2O + R(Re £(C))-

Since R is flat at 0, the pullback R(Re 2(¢)) vanishes to infinite order. Thus it does not
affect the D’Angelo type.
If v(w(()) < v(2(C)), then Rew(() gives the leading term of p o ~y, and hence

v(pon)
v(7)

We next consider v(w(¢)) > v(2(¢)). The leading nonharmonic term in (Im Z(¢))*™ has
order 2mv(Z(¢)). The term Rew(¢) is harmonic, and therefore can not cancel the leading
nonharmonic term in (Im Z(¢))*™. Hence v(po ) < 2mv(2(¢)), and

W(Fon) _ 2mm(3(Q)

v(v) — v(E(Q)
On the other hand, taking v(¢) = (¢, 0), we obtain
(Po)(Q) = (I ()" + R(Re ).

Altogether, we have shown that the D’Angelo type at 0 is

=1.

= 2m.

7(0) = 2m.
The proof is complete. O
There are two remarks in order concerning the proof of Proposition 4.1.

1. As shown in the proof of Proposition 4.1, the flatness of ¢ at points in E makes it
necessary to add the extra convex term |y|*™ to the potential f in (4.1). This term
ensures that the boundary has finite D’Angelo type. Without it, the complex tangent
line would have infinite type at every point lying over E.

2. Alternatively, since the domain 2 is convex, the D’Angelo type can be checked by
the corresponding order of contact by complex lines according to a theorem of Boas-
Straube [1]. We leave the details to the interested reader.
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5 Local pseudoconvex models in higher dimensions

In this section, we construct local pseudoconvex domains in C" with prescribed weak loci.
The construction relies on a local existence theorem of Kallel-Jallouli [10] for smooth plurisub-
harmonic solutions to the complex Monge-Ampere equation, which is used to obtain the
required potential function. The verification of finite D’Angelo type is technically involved
and is ultimately reduced to controlling the vanishing order of the nonharmonic terms of the
potential function along holomorphic curves. A key ingredient in this control is Hadamard’s
inequality, which bounds the determinant of a positive semidefinite Hermitian matrix by the
product of its diagonal entries.

Theorem 5.1. [10] Let g be a smooth nonnegative function defined in a neighborhood of
2o € C4, d > 1. Suppose that g is not flat at zg. Then there exist a neighborhood U of zy and
a real-valued smooth plurisubharmonic function f on U such that

det Hy(z,2) = g(2,2) on U.

Proposition 5.2. Let E C R*! C C" ! be a closed set. For any integer m > 2 and every
point g € E, there exist a neighborhood U of xy+i0 in C"' and a hypersurface M defined
in U x C C C" such that the following holds.

1. M bounds a pseudoconvex side.
2. The weakly pseudoconvex locus W of M 1is precisely
W ={(z,w) € M :Rez € E, Imz = 0}.

3. M s of finite D’Angelo type, with type less than or equal to 2m + 2.

Proof. Since E is a closed set in R"~!, the Whitney extension theorem Proposition 3.1 yields
a function ¢ € C=(R"™!) such that

v>0, Y H0)=E,

and 1 is flat at every point of E. Write z = z + iy, with z,y € R"!, and consider the
nonnegative smooth function

[yI*™ + ().

Given xy € F, since y*™ has finite order vanishing at y = 0, the function |y|*™ + ¥ (z) is
not flat at zy = x¢ + i0 € C*!. Therefore, one can apply Theorem 5.1 by Kallel-Jallouli to
obtain a smooth plurisubharmonic function f on a neighborhood U of 2z, in C"~! such that

det Hy(2,2) = |y|*™ +¢(x) on U. (5.1)

In particular, the complex Hessian H; > 0. The additional term |y|*™ is essential here: it
not only allows one to apply the existence theorem of Kallel-Jallouli, but also provides the
finite type control needed along the weakly pseudoconvex locus, as will be seen later.

Define the hypersurface by
M ={(z,w) e U xC:p=Rew+ f(z,2) =0}.

16



Since the defining function is plurisubharmonic, M bounds a pseudoconvex side.
Weak locus. Both terms on the right-hand side of (5.1) are nonnegative. Thus for all z € U,
det Hf(2,2) =0 = y=0, v € L.

Hence by Lemma 2.7, the stated description of W holds.

D’Angelo type. Fix a point p = (z,,w,) € W, where z, = z, + (0 with z, € E, and
wy, = —f(2p, Zp) + 1v,. Replacing w by w + w, which also subtracts the constant f(z,,z,)
from f, we may assume that

p = (2,0) = (2, +10,0) and f(zp, %) = 0.
Let v(¢) = (2(¢),w(¢)) be a nonconstant holomorphic curve with v(0) = p. Set

0=v(z(0) = %),  a=vw())

Then
v(v) = min{4, a}. (5.2)

The pullback of p by ~ is

p(7(¢)) = Rew(¢) + f(2(¢), 2(¢)).
If the order § = oo, then z = z, and v(poy) = v(Rew(()) = a. Hence

In what follows, we assume that ¢ < oo.

Decompose f(z(¢),2(¢)) into a sum of a harmonic term, and a non-harmonic term.
Denote by L the vanishing order of the nonharmonic term of f(z((),z(¢)). Indeed, for
N > 1, write the Taylor polynomial of f(z(¢),2(¢)) at 0, of total degree at most N, as

Pn(¢,0) = > pta<N apqCPC". Let Qy denote the mixed nonharmonic part of Py:

QN(QZ): Z aququ-

p,g>1
p+q<N
Define
Ly = min{p +q:p,q > 1, apg # 0}, Qn #Z0;
N + 1, QN =0.
Then

L= lim Ly € NU{occ}.
N—o0

We claim that L is finite. Indeed, since z, € E and v is flat at x,, the term ¢(z(())
vanishes to infinite order at 0. By the definition of J, at least one component of z(¢) — z,
has order d. Since z(¢) is holomorphic, the function |y(¢)|? has order 2§. Therefore

v(det Hy(2(C), 2(€))) = v(ly(OF™ + v (2(C))) = v(ly(C)]*™) = 2ma. (5.3)

17



Suppose, toward a contradiction, that L. = oo, meaning that all non-harmonic terms of

F(C) = f(2((),2(¢)) vanish to infinite order. In particular, Fi is flat at 0. By the chain
rule,

F(©) = 3 o HO)ZOQ) = (Hy(=(0). 20N (). #(€) )

Let Amin(C) be the smallest eigenvalue of H(2(¢),2(¢)). Since Hf(2(¢),2(¢)) > 0, for ¢ #0

we have

(H (0,207 #(©)  Fe()
0 < Auinl€) < EIGIE NG

The numerator is flat, while ||2/(¢)||? is of vanishing order 2(§ — 1). Thus

Amin(€) = O([¢[F)  for all k> 0.

On the other hand, the remaining eigenvalues of H(z((), 2(¢)) are locally bounded. Indeed,
since the matrix H is positive semi-definite by pseudoconvexity, its eigenvalues are nonneg-
ative and bounded above by the trace, which is continuous and therefore locally bounded.

Consequently, det H¢(2(¢),2(¢)) is flat at 0. This is a contradiction to (5.3). Hence the
claim is proved.

Fix an integer N > L + 2. Decompose the Taylor expansion of f(z(¢), 2(¢)) up to order
N as

F(2(0),2(0)) = h(¢) + g(¢) + O(I¢|N),

where the polynomials A(¢) and ¢(¢) denote the corresponding harmonic part and the non-
harmonic part, respectively. In particular, since f(z,,%,) =0,

v(g(QO) 2 v(=(Q) —2) =6 and k() = W(=() — z) = &, (5.4)

Since h(¢) is harmonic, there exists a holomorphic polynomial H(¢) with H(0) = 0 such
that

h(¢) = Re H((),
and thus
p(1(€)) = Re(w(¢) + H(C)) + g(¢) + O(I¢[*).

Note that by definition of L and (5.4),
L=v(glQ) =6 and  w(H(Q) = v(h()) = o (5.5)

Since a pure term cannot cancel a mixed term, we obtain

v(por) = min{s, L},
where
B =v(Re(w(¢) + H(C))) = v(w(C) + H(C)).
Consequently, together with (5.2) one has

v(poy) _ min{f, L} (5.6)

v(7) min{a,§}
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We now estimate (5.6) by splitting into two cases. First suppose that § > «. Then
v(v) =min{a,} = a.

Since w(() has order a, whereas H(() has order at least ¢ by (5.5), no cancellation at order
a is possible for w(¢) + H(¢). Hence
B =a.

Consequently,

Ypon) _minfa.l} _

v(7) a
Now suppose that oo > . Then (5.6) is reduced to

v(poy) min{3, L}

v(7) 0

IN

L
= (5.7)

To estimate the vanishing order L, the nonharmonic part of f(z(¢), 2(¢)), we compare it
with that of the diagonal entries f. : (2(¢),2(¢)) of Hy(2(¢),2(¢)). We first claim that for
every j =1,...,n—1,

v(fzz(2(0), 2(¢))) = L — 26. (5.8)

Indeed, write a typical mixed monomial in the Taylor expansion of f at z, in the form
(:=2%)"F-%)" lo>1 [f>1

Such monomials are precisely the terms which contribute to the non-harmonic part. If this
monomial contains both z; — zp; and z; — Zy 5, so that a; > 1 and f; > 1, applying 0.,0:,
lowers the two exponents «; and (; by one. Hence the total bidegree is lowered by two.
After restricting to the curve z(¢), the order in ( is therefore lowered by at most 25. On
the other hand, if the monomial does not contain both z; — 2, ; and z; — Z,;, then 0.,0;,
annihilates that monomial. The first nonzero term which survives after applying 0. 0z, must
therefore come from either another lowest-order mixed monomial or from a mixed monomial
of higher order. In either case its order along the curve is no smaller than L — 2. The claim
is confirmed.

On the other hand, for a positive semi-definite Hermitian matrix, Hadamard’s inequality
bounds the determinant from above by the product of its diagonal entries. We apply this to

the matrix H(2((), 2(¢)) to get

0 < det Hy(2(0), 2(Q) < [ forn, (20,50, Icl << 1.

Taking vanishing orders of the above and making use of (5.3) further give

g (H ijzj(z(C),TC))) < 2mé.

Then there exists k € {1,...,n — 1} such that

V(faz(2(€), 2(€))) < 2mé.
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Combining (5.8) with the index k chosen above gives

Thus
L < (2m+ 2)4.
Finally, invoking (5.7) one infers
UPoY) <oy
v(7)
Taking the supremum over all such curves gives 7(p) < 2m + 2. ]

6 Local convex models in higher dimensions

To construct convex domains with desired weak loci, we have to compromise by lowering
one real dimension on the prescribed closed set. Our tool for constructing the potential
is the following special case of Hong—Zuily’s result for the real degenerate Monge—Ampere
equation.

Theorem 6.1. [9] Let ¢ be a smooth nonnegative function defined in a neighborhood of
1o € RY d > 1. Suppose that 1) is not flat at xo. Then there exist a convex neighborhood U
of xo and a smooth convex function to

det D*® =4 on U.

Proposition 6.2. Let E C R"2 C C"! be a closed set. For every integer m > 2 and every
point &g € E, there exist a neighborhood U of (I, 0) in R"™' and a hypersurface M defined
in (U +iR" 1) x C C C, such that the following holds.

1. M bounds a convex side.
2. The weakly pseudoconvex locus W of M 1is precisely
W ={(z,w) € M :Rez € E x {0}, Imz=0}.

3. M 1is of finite D’Angelo type, with type less than or equal to 2m.

Proof. As in the previous sections, we apply the Whitney extension theorem Proposition 3.1
to obtain a smooth nonnegative function ¢ characterizing the set E, such that (4.2) holds
and 1) is flat at each point of E. For each point 2y € £ C R"2, we invoke the local existence

theorem of Hong—Zuily, Theorem 6.1, to obtain a smooth convex potential ¢ and a convex
neighborhood of U of (Z(,0) in R"~! such that

det D*®(x) = |2, 1|*" +(2) on U, (6.1)
where z = (%, 2,_1) € R""2 x R. Set

f(z.2) = yI*" + (),
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wherey € R*" ! and 2 = 2+iy € C*!. Then f is convex on U+iR"~* C C* . Consequently,
the rigid hypersurface

M = {(z,w) € (U+iR" ) x C: Rew + f(z,2) = 0}
bounds the convex side
Q={(z,w) € (U+iR" 1) x C:Rew + f(z,2) <0}.

Weak locus. Since f contains no mixed z, y-terms, its complex Hessian is given by

Hy(z,z) = = (D2®(z) + D2Jy|*™) .

o |

In view of Lemma 2.7, it suffices to determine the zero set of det Hy. Equivalently, we shall
prove that for (z,y) € U x R,

det (D2®(z) + D2|y|*™) =0 = y=0, z,1=0, ¥(&)=0. (6.2)

The implication from right to left is straightforward when m > 2 from the construction of
f. Indeed, if y = 0, then DZ|y|*™ = 0, and hence by (6.1)

det (D2®(x) 4+ D2ly*™) = det D2®(z) = |z, [*" + (%),

which vanishes when z,,_; = 0 and ¥(2) = 0.

Conversely, suppose that the left-hand side of (6.2) vanishes. Note that D2®(z) > 0 and
D2|y|*™ is positive definite except at y = 0. Thus, if det (D2®(x) + D2|y[*™) = 0, then
y = 0, where D|y|*™ = 0. By (6.1)

0.

det (Di@(m)) = |@po1 7" + ¢(2)

But this equality can happen only when z,,_; = ¥(z) = 0. We thus have the desired weak
locus.

D’Angelo type. To compute the type at a point p = ((2,,0) + i0,w,) € W, where z,, € E and
w, = —®(z,,0) + iv,, we perform a global biholomorphic coordinate shift (z,w) — (2, @),
which sends p to the origin and removes the linear components in the potential:

Z=2z— ('fpa())u

In these coordinates, the normalized local defining function takes the form

(2,@) = Re @ + &(z) + [g*",

™

where

(%) = B(7 + (&,0)) — (&), 0) — VB(i,,0) - 7.
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Thus ®(0) = ®'(0) = 0. Since ® is convex, it lies above its supporting hyperplane at (Zp,0).
Hence )
b(7) >0 (6.3)

near the origin.
Let v(¢) = (2(¢),w(¢)) be a nonconstant holomorphic curve with v(0) = 0. Pulling back
the normalized local defining function along this curve gives

(5o 7)(¢) = Rew(C) + B(Re 2(¢)) + [ Im Z(¢) ™.

First consider v(w(¢)) < v(2(¢)). Since ® vanishes to second order at the origin and m > 2,
the function Rew({) becomes the leading term of (po)(¢). Hence v(por) = v(w(()), and

v(pon)

o

We now assume v(w(¢)) > v(2(¢)). Let Py be the first nonzero homogeneous term in the
Taylor expansion of P(¢) := ®(Re(2(¢))) + | Im(2(¢))[*™ at 0. Since ® > 0 by (6.3), the
function P is nonnegative. Moreover, the term | Im Z(¢)[*™ has vanishing order 2muv(2(()).
Hence Py is also nonnegative, with degree

d < 2mu(3(C)).

Furthermore, since P,;(0) = 0, the nonnegative function P, cannot be harmonic by the
maximum principle. On the other hand, Re@(() is harmonic. Thus it cannot cancel the
nonharmonic polynomial P;. Consequently,

v(por) < d < 2m((0)),

and

v(Fon) _ 2mu(E(Q)
V) TEQ)

This completes the proof. O

=2m.

7 The Regularized Maximum Function

To construct desired smoothly bounded pseudoconvex domains, we shall truncate the un-
bounded domains or extend the local domains obtained in the previous sections using ellip-
soidal barriers. This requires patching local defining functions with global bounding struc-
tures and smoothing the resulting corners. To carry out this procedure without introducing
negative eigenvalues that could destroy pseudoconvexity, we shall use the following smooth
convex regularized maximum function.

Lemma 7.1. For any € > 0, there exists a smooth function M, : R> — R such that the
following hold.

1. Exactness:
M(s,t) = max{s,t} if  |s—t] >e
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2. Lower and upper bounds:

max{s,t} < M(s,t) < %—f— max{s,t} for (s,t) € R%

3. Zero-set: If M.(s,t) =0 and |s —t| <€, then

—ﬁgsgo and —%

<t <0.
B St

4. Monotonicity:

oM, oM, oM, oM,
€ > € > € € _ 2
. (s,t) >0, o (s,t) >0, Ep (s,t) + 5 (s,t) =1 for  (s,t) € R
o oM
P (s,t) >0, W(s,t) >0 if  |s—t| <e.

5. Convexity: The real Hessian matrix

D2M€(s,t):¢€(s—t)-<_11 _11) for  (s,t) € R?

for some nonnegative smooth function ¢, : R — R with support on [—e¢, €|. In particular,
the matriz D*M, is positive semi-definite on R?.
Proof. We begin with the classical algebraic identity for the maximum function:
s+t n |s —
2 2

Let ¢. € C°(R) be a standard symmetric mollifier such that ¢.(y) > 0, supp(¢e) C [—¢, €],
(be(_y) = (be(y)a and

max{s,t} =

/E be(y)dy = 1. (7.1)

We define the regularized absolute value function y. : R — R via convolution

xel@) = (2] % (@) = [ |z — yléely) dy.

—€
The regularized maximum function is then defined as

L (7.2)

M(s,t) := 5 5

Clearly, the function M, € C*(R?).

Ezxactness. By the definition of M., it suffices to show that x.(x) = |z| outside (—¢,€). For
any x > € and y € [—e¢, €] within the support of ¢., we have x — y > 0. Thus

v = [ @-yotty=a [ 6wi- [ woay—o=js. @3

€
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Here we have used the evenness of ¢, and the identity (7.1). The case when z < —e is proved

similarly by symmetry.

Lower and upper bounds. Since ¢.(y)dy is a probability measure, one has

%@w=[]x—ma@wwz‘[}x—w@@wm}:mu

where the last equality follows from the same computation as in (7.3). Consequently, by the

definition (7.2) of M,

1
M(s,t) > + 5]5 — t| = max{s, t}.

2
The upper bound follows from the fact that

v < [ lelody+ [ oo dy <lel + e

and the definition (7.2).

Zero-set. This is a direct consequence of the lower and upper bounds above.

M(s,t) =0, then the bounds of M, imply that
0 > max{s,t} > —%.
Suppose first that max{s,t} = s. Then
€
0>s>—-—.
Z 8=z 9

On the other hand, by assumption |s — t| < €, we have
s—e<t<s.

It then follows that 3
OsttZS—GZ—Ee.

The case when max{s,t} =t is proved in the same way.

Monotonicity. Differentiating M. (s, t) with respect to s and ¢ leads to

oM, _1 1 (5= )
= - —_ S —
9s 2 " oXe ’

oM. 1
ot 2

1,
— —1).
SXe(s = 1)
Thus, we only need to verify that

—1<y(z)<1, zeR.

and

Indeed, if

(7.4)

(7.5)

(7.6)



In fact, differentiating the convolution expression for x.(x) yields

) =5 [ e =slon)dy= [ senle o)y

Since —1 < sgn(z —y) < 1 and ¢.(y) > 0, (7.5) then follows from (7.1). Moreover, (7.6)
holds for |z| < € because sgn(z — y) is neither identically 1 nor identically —1 on the support

of ¢..

Convezity. Recalling that the distributional derivative of sgn(z) is 2dy(z), where dy denotes
the Dirac delta function at the origin, we obtain

Xe () = %(Sgn % ¢0)(x) = (200 * 0 (x) = 26(x), =z €R.

Since ¢ (x) > 0, we have x”(z) > 0. Applying the chain rule to M(s,t), the real Hessian
matrix D?M, takes the explicit form

) 921\245 92 M. 1, 1 -1 1 -1
oo = (i o) =0 (L ) =es-a (X 7).

8tds  oL2 o

Since ¢ (s —t) > 0 and the matrix (_11 1

is everywhere positive semi-definite, proving that M, is convex. O

) is positive semi-definite, the Hessian matrix

8 Truncating unbounded models in dimension two

In this section, we construct smoothly bounded convex domains of finite D’Angelo type in C?
with prescribed weakly pseudoconvex loci. The construction is obtained by truncating the
rigid models from Proposition 4.1 with sphere barrier functions of sufficiently large radius
and then smoothing the resulting corners using the regularized maximum function. This will
prove Theorem 1.1.

Let po. denote the defining function constructed in Proposition 4.1. Namely,
Poc(z,w) = Rew + y*™ + ®(x),

where ® is given by (4.3). We denote the corresponding rigid cylinder domain by ... To
construct a bounded pseudoconvex domain with the prescribed weak locus, we truncate {2,
with a strictly convex global ball defined by

pout(zaw) = |Z|2 + |Uj|2 - K

using the regularized maximum function M.(s,t) = =& + 1y.(s — ¢) in Section 7. More
precisely, we set

p(z,w) = Me (proc(2; W), pous (2, w)) - (8.1)

Here, the positive constants € and K are chosen such that
0<e<1l and K >a®+sup®(z)+4, (8.2)

z€E
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where the constant a > 0 is such that the compact set £ C [—a, a.

Boundedness. Making use of the lower bound of the regularized maximum function in Lemma
7.1, we have

IO<Z7w) = ME(ﬂloc(Zv U)), pout(za w)) Z pout(z7w)‘

Therefore Q = {(z,w) € C? : p(z,w) < 0} is a subset of {(z,w) € C? : pou(z,w) =
|2]|? + |w]?* — K < 0}, which is bounded.

Smoothness. The smoothness of p follows from the smoothness of pioc, pout, and the regular-
ized maximum function M.. To see that b€} is smooth, we further show that Vp # 0 on bS).
By the chain rule,

vp = avploc + 6vpouta

with a := % >0, 0 := % > 0 and a 4+ 8 = 1 by monotonicity in Lemma 7.1. Suppose
for contradiction that Vp = 0 at some point p € b).
If « =0, then = 1, and hence Vpu, = 0. This forces p = (0,0). However, by the choice

of € and K in (8.2),
Pout(0) = =K < —¢ — ®(0)? = 1 < —e — 2|®(0)| < —€ + ®(0) = —€ + p1oc(0),

Thus, by the exactness property in Lemma 7.1, we have p = py. near (0,0) where the
gradient is nonzero. This contradicts Vp(p) = 0. On the other hand, if 5 = 0, then o = 1,

and Vpj,. = 0, which is impossible because % = % Therefore o« > 0 and 5 > 0, so the

point lies in the transition region |pioc — pout| < €.
The equation Vp = 0 gives, componentwise,

o+ 20u = 0;

Bv = 0;

ad’(z) + 26z = 0;
amy®™ !t + By = 0.

Since a, 8, m > 0, the second and the fourth equations give

The first equation gives
a
=—-——<0.
u 2
Multiplying the third equation by z, we obtain ax®’(z) + 28x? = 0. Since z®'(x) > 0 by
(4.4), we get
x = 0.

Thus the hypothetical singular boundary point must be of the form
(0,0, u,0), u < 0.

At such a point,
Ploc = U, Pout = U2 - K.
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Making use of the zero-set property in Lemma 7.1, we further have
3e 9
—Egugo and ——=<u —-K<O0.

In particular, since 0 < € < 1,

3¢ 3¢ 9¢?
K< = 24y
_2+u_2+4<,

which contradicts the choice of K. Hence no such point exists, and b2 is smooth.

Convexity. Since p. and poyt are both convex, the convexity of p is a direct consequence of
Lemma A.2. Hence the sub-level set €2 of p is convex. In particular, §2 is pseudoconvex.

Weak locus. To investigate the weak locus of the bounded domain €2, we partition its total
physical boundary b€2 into three mutually exclusive geometric zones determined strictly by
the sign and magnitude of pioc(z, w) — pous (2, w).

Zone 1: The far-field exterior spherical shell.

zZ = {(Z,’LU) € b2 : ploc(z7w) - pout(zyw) < _‘5}'

By the exactness property of the regularized maximum operator M, established in Lemma
7.1, the outer barrier function p.,; dominates the local cylinder model by the € margin and
hence

P = Pout on Zl-

The Levi form matches the sphere exactly: L,(Z) = L, .. (Z) > 0. This region is strictly
pseudoconvex and contains zero weakly pseudoconvex points.
Zone 2: The non-uniform transition band.

Zy ={(z,w) € bQ : |proc(z, W) — pout(z, w)| < €}.

Inside Z,, the smoothing operator M, blends the local cylinder function and the outer

barrier function within an e-distance of each other, and a = % >0, 8= 8§f€ > 0. For

£ = (&, &) € T,°(092), the Levi form of the domain is

Lo(§,8) = AL (6 ) + BLyuns(6,0)
(M), 1) 95(©)I + 2 Re (M), 6) 05(€)DHE) ) + (Mo)uals, ) 104(6)

] o 9s(¢)
= Ly (6:8) + BLp (6,8) + (95(6) DIE)) D*Mc(s,1) ot(e))

(8.3)

where 0s(§) = 2321 s;& and 0t(€) = 23‘21 t;&; when viewing & as a vector field. Since
D?M. is positive semi-definite, the last term is nonnegative. Thus the total complex Levi

form of the domain satisfies
L,> BL,,. >0.

The transition layer is strictly pseudoconvex and creates zero weakly pseudoconvex points.
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Zone 3: The deep interior local floor.

Z3 ={(z,w) € bQ : proc(z, W) — pout(z, w) > €}.

In this region, the local cylinder model dominates the outer spherical barrier function by an
explicit thickness margin of e. By Lemma 7.1, the regularized maximum reduces to

P = Ploc on Z3‘
Therefore the weak locus W of () satisfies
W = VVloc N Z37

where W, denotes the weak locus of piec.

To show that €2 has the desired weak locus, it suffices to verify that every point of the
form p = (x, +i0, —®(z,) + iv,) € Wiee, where z, € E and |v,| < 1, satisfies pioc — pout > €.
Indeed, for each such point, we have

Proc(P) — Pout(p) = 0 — (‘%’2 + ‘(I)(xp”? + |Up’2 - K) =K — ’xp|2 - (I)(ajp)z - |Up|2-
By the choice of K in (8.2),

K — |z,]* — ®(2,)* — |v,]* > K — a* — sgg@(w)Q —1>e

Namely, p € Z5. Consequently, the weakly pseudoconvex locus of {2}, in the region | Im w| <
1 remains unchanged in 2. Moreover, the corresponding D’Angelo type at these points is
carried over to €2 unchanged.

The following figure schematically illustrates the weakly pseudoconvex locus in Theo-
rem 1.1 when E is the classical middle-thirds Cantor set on [0, 1]. The weak locus consists
of a family of one-dimensional fibers emanating from F in the Reeb direction, forming a
“Cantor forest” of vertical segments rooted at F. The finitely many segments displayed
schematically represent the uncountable family of fibers lying over E.
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Weak locus in Theorem 1.1
W={(z2,w) €bQ:Rez€ E, Imz=0}Nn U

Figure 1: Schematic representation of the weakly pseudoconvex locus in the (Re z, Im w)-
plane, corresponding to the complex-tangential and Reeb directions, respectively. The con-
dition Im z = 0 is suppressed, while Re w is determined by the defining equation in Propo-
sition 4.1, and the extent in the Im w-direction is restricted by the neighborhood U. The
base set ¥ C R in blue is represented by the middle-thirds Cantor set on [0, 1], with five
iterations shown.

9 Constructing convex models in dimension two, con-
tinued

Given a compact set £ C R, we construct in this section a smoothly bounded convex
domain in C? whose weak locus is diffeomorphic to E. This will prove Theorem 1.2. Write
(z,w) = (z +1y,u +iv) € C% After a translation in the z-variable, we may assume without
loss of generality that 0 ¢ E.

To eliminate the tree-like components over the base points in £ in Theorem 1.1, we
modify the local rigid model by adding a controlling term in the v direction. More precisely,
for fixed integer N > m > 2, we define the local model by

Proc(z, W) = u+ v P D (x),

where ® is defined as in (4.3). The strictly convex global barrier and the patched defining
function stays the same:

Pout (2, w) = 2% +9* +u? +v* — K,
where K > 0 is chosen sufficiently large as in (8.2), and

,0<Z7 w) = M, (ploc(z7 w)? pout<z7 w))

Set
Q= {(z,w) € C*: p(z,w) < 0}.

The boundedness of Q2 follows from py < p < 0. Since both pj,. and p,y are convex, the
convexity of {2 then follows from Lemma A.2. In particular, {2 is pseudoconvex.
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Smoothness. Suppose that
V/) = avploc + /vaout

is zero at some point of b{2. This can only happen when both o > 0 and 3 > 0 as argued in
Section 8, so the point lies in the transition region |pioc — pout| < €. In this case, by inspecting
the components of Vp, one has

aNv*N 1 4 gu=0;
amy®™ ! + By = 0;
ad'(z)+ 2Bz =0
a+20u=0.

With a similar argument as in Section 8, one can obtain that any hypothetical singular
boundary point must be of the form

(0,0, u,0), u < 0.
At such a point,
Ploc = U, Pout = U2 - K.
This is impossible since K is chosen sufficiently large as in (8.2). Hence b€ is smooth.

Weak locus. The Levi form takes a similar form as in (8.3). Hence the weakly pseudoconvex
points lie in the region where § = 0 and a = 1, where pioc — pout = €, and

£ = Ploc-

On this region, the weakly pseudoconvex locus is determined by the Levi form of pp.:
L(€,6) = 716 (9(x) + 2m(2m — 157" 2) + ZJel NN~ 1) (91)
for every nonzero vector £ = (&1,&;) € T,°(bS2) that satisfies
(P () — 2imy*™ ) + & (1 — 2NV = 0. (9.2)

We first note that
& #0.

2N=1 is never zero in (9.2), it follows that & = 0.

Otherwise, since the coefficient 1 — 2:Nv
This contradicts the nonzero assumption of &.

Since the Levi form (9.1) is a sum of nonnegative terms, its vanishing forces each term
in the sum to vanish. Therefore, using the construction of ¥ and the fact that & # 0, we
obtain

r el y =0, &v=0.
On the other hand, since the nonnegative function v is strictly positive off £ and 0 ¢ E,

' (z) = /qup(t)dt £0 forall ze b
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This, together with (9.2), implies £ # 0. Thus
v =0.

Hence, the weakly pseudoconvex locus of the local model is precisely the prescribed set. By
the choice of K in (8.2), together with a similar argument at the end of the previous section
for zone 3, these weakly pseudoconvex points are carried over from €2, to €2. The desired
weak locus is thus verified.

D’Angelo type. Fix a point p = (2,, wp,) = (x, +i0, =P (z,) +i0) € W with 2, € E. We use
the biholomorphic change of coordinates

Z=2z— Tp;

w=w—w,+ P (z,)(z — xp),
which sends p to the origin. In these coordinates, the defining function has the local form
Pz, @) = Rew + (Im@ — ®'(z,) Im 2)*" 4+ (Im 2)*™ + R(Re 2),

where R is flat at the origin.
Let v(¢) = (2(¢),w(¢)) be a nonconstant holomorphic curve with v(0) = 0. Pulling back
p along v, we obtain

(Po)(C) = Rew(¢) + (Imw(¢) — ¥'(x,) I 2()))™" + (Im 2(())™™ + R(Re 2(()).

First suppose that v(z(¢)) > v(w(¢)). Then Rew(¢) has vanishing order v(w(()), while all
other terms have order strictly larger than v(w(¢)). Hence v(po ) = v(w(()), and

v(pon)
v(7)

Now suppose that v(2(¢)) < v(w(¢)). Then v(y) = v(2(¢)). Moreover, (Im 2(¢))*™ has
vanishing order 2muv(z(¢)) and R(Re Z(()) vanishes to infinite order. Similarly as in the proof
of Proposition 6.2, let P; be the first nonzero homogeneous term in the Taylor expansion of
(Im @(¢) — @' () Im 2(¢))*™ + (Im 2(¢))?™. Then P, is nonnegative and not constantly zero,
with degree

=1.

d < 2mv(z(C)).

Since P,(0) = 0, the maximum principle implies that P; cannot be harmonic. On the other
hand, every homogeneous term of Rew(() is harmonic. Thus Rew(() cannot cancel P;.
Therefore

v(poy) <d < 2mr(z(¢)).
and _
v(po7)
v(7)
Moreover, this bound is sharp by letting the curve be v(¢) = ((,0), which gives

< 2m

v(poy) =2m.

Hence the D’Angelo type along the prescribed weak locus is exactly 2m.
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10 Extending local models in higher dimensions

In this section, we prove Theorems 1.3 and 1.4 by smoothly extending the local hypersurfaces
obtained in Propositions 5.2 and 6.2 using an outer ellipsoidal barrier and the regularized
maximum function.

Fix 7o € £ C R*! and m > 2. Let pio be the local defining function constructed in
Proposition 5.2, defined on U x C and denote the corresponding local hypersurface by M.
Namely,

ploc(za w) = Rew + f(za 2)
with f satisfying (5.1). Without loss of generality, we may assume that the neighborhood
U := Bs(xo +1i0), the ball centered at xy + i0 with radius 6 > 0 in C"!. For € > 0, we shall
patch the local defining function with the strictly convex ellipsoidal barrier:

Pout (2, w) = Alz — 20> + |w|]* — K,

where A and K are constants satisfying

— 2 — —
A > max{32(supz€U ‘6-];(27 Z)| + 6)’ 4(SuszU |f(Z, Z>| +§€> SupzeU ’vf(z7 Z)| 7 1} (101)
and

Ad? Ad?

— > K>— +supl|f(z,2) +e (10.2)
4 8 zeU

Such a choice of K is possible by (10.1). In particular, one has
Ad? Ad?

A—52>K> and 0<e< —— (10.3)
1 8 BT R |

As will be seen later, the upper bound of K in (10.2) is to confine the desired global domain
within a cylinder where p,. is defined, and the lower bound there is to preserve the weak
locus of My near (xg + 10, — f(xo, zo) + 0).
We define, on U x C, our defining function again via the regularized maximum function
M.:
p(Z, w) = Me(ploc(z7 w)7 POut<Z7 w))7
and set

Q={(z,w) e U xC: p(z,w) < 0}.

We claim that the set ) is compactly contained in the region U x C, where pp. is well
defined. Indeed, by Lemma 7.1, we have

Pout (2, 0) < p(z,w) <0 on Q.
Since pout (2, w) = Alz — xo|* + |w|? — K, it follows that

Alz — zo]* + |wl* < K.
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In particular,

/K 0
|z — x| < 153 and lw| < VK.

by the choice of K in (10.2). Therefore z € Bja(xo +i0) € Bs(xo +i0) = U. The claim is
thus proved. Consequently,  cannot meet the boundary of the local coordinate cylinder,
and €2 is a well-defined bounded domain in C".

To see bS) is smooth, we need to verify that Vp is nonvanishing on p = 0. Again, since

vp — O[vploc —I— /vaoufﬂ

with @ > 0,8 > 0 and o + = 1, it suffices to only consider the region when both a > 0
and # > 0, namely, the transition region |pioc — pout| < €. On this region, if p = 0, then it
follows from the zero-set property in Lemma 7.1 that

|P10c| < 2, | pout| < 2e€. (10.4)

Let
S=swplf(z3)|,  L=sup|Vf(z32)].

zeU zeU

By the bounds for pjoc and pey in (10.4), together with their explicit expressions, we obtain
lu| < S + 2, (10.5)
and
Alz — 2o + [w|* — K > —2e.

Using the inequalities (10.3) for K and € , we obtain
Ad?
Alz — x> +0v* > K — 2¢ > TR (10.6)

Suppose, for contradiction, that Vp = 0 at a point on bS). Since 8 > 0 and the v-component
of Vp =0 gives 20v = 0, we have
v=0.

Plugging the above into (10.6) further yields

)
|z — xo| > - (10.7)
4
The u-component of Vp = 0 gives
a+2Pu = 0.
Hence by (10.5)
a < 2Blu| < 28(S + 2€). (10.8)

The z-components of Vp = 0 give

aVf(z,z) +20A(z —x9) = 0.
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Taking norms and dividing by 23, we get from (10.8) that
Alz — @] < %L < (S +2€)L.

Combining this further with (10.7), we obtain

% < (S + 2¢)L.
This contradicts with (10.1). Therefore Vp # 0 on 0£2, and the boundary b2 is smooth.
The verification of pseudoconvexity of the domain €2 is the same as in Section 8 in
dimension n = 2, and will be omitted. It remains only to determine the weak locus. As
before, we divide into three regions according to the value of pioc — pout-
Zone 1: The portion dominated by the outer barrier function pgy:

Zy ={(z,w) € bQ : proc(z,w) — pout(z, w) < —€},

where
P = Pout on Zl-
The Levi form matches the sphere exactly: L,(Z) = L, .. (Z) > 0. This region is strictly

pseudoconvex and contains zero weakly pseudoconvex points.
Zone 2: The transition layer between the local hypersurface and the barrier sphere:

ZQ = {(z,w) < bQ . |ploc(27w) - pout(27w)| < 6}

Investigating the Levi form with respect to p in exactly the same way as in the case n = 2
in Section 8, we can verify that the transition layer is strictly pseudoconvex and creates zero
weakly pseudoconvex points.

Zone 3: The portion dominated by pic:

Zy = {<Z7w) € Q) : ploc(z7w) - Pout(Z,UJ) > 6}7

where
P = Ploc on Z3-
Therefore the weak locus W of ) satisfies

W = VVlocﬂZ&

where W), denotes the weak locus of Mj,..

It then suffices to verify that a neighborhood of py = (xg + 10, — f(x, o) + 10) in My, is
contained in Zj. Let p = (2, wp) € Moe, with z, € Bs (o +140), wy, = —f (2, Z,) + iv, and
lup] < &. Then pioc(p) = 0. On the other hand, using the lower bound of K in (10.2), we
obtain

2 2

AS 5
pout(p) = Alzy — wol* + Jwp|* — K < = +sup|f(2,2)[* + = — K
9 zev 81

A 2 —\ 12
< — +sup|f(z,2)]" — K < —e.
8 zeU
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Consequently,
p10c<p) - pout(p> > €.

Thus p € Z3. Namely, a neighborhood of pg in M. is contained in Z3, and on this neigh-
borhood the global hypersurface b2 agrees with the local hypersurface M),.. Therefore, the
corresponding D’Angelo type is carried over to b2 unchanged.

For the case £ C R"~2, Proposition 6.2 gives rise to a local hypersurface M, defined on
(U +iR" 1) x C C C", where U is a neighborhood of (Zg,0) in R"~!. A careful inspection of
the proof shows that the tube neighborhood U +iR"~! in Proposition 6.2 may be replaced by
a ball Bs((Zo,0) +:0) € C"! without affecting the conclusion of the proposition. Therefore
the patching argument and verification carried out above for Proposition 5.2 would apply
equally to the case £ C R"? in Proposition 6.2, with zy replaced by (Z,0). We therefore
omit the details.

11 Further remarks and conjectures

All examples constructed in this paper are of finite D’Angelo type. Moreover, in each of
these examples, the prescribed weak locus has zero surface measure on the boundary, and
the corresponding Levi determinant vanishes to finite order along this locus. We conclude the
paper by posing two natural conjectures concerning the interaction between finite D’Angelo
type, the degeneracy of the Levi form, and the size of the weakly pseudoconvex locus.

Conjecture 1: Let 2 be a smoothly bounded pseudoconvex domain of finite D’Angelo type
in C",n > 3. Then the collection of all weakly pseudoconvex points in b2 has zero surface
measure on b).

Conjecture 2: Let () be a smoothly bounded pseudoconvex domain of finite D’Angelo type
in C",n > 3. Then the Levi determinant, regarded as a smooth function on bf2, is not flat at
any weakly pseudoconvex point of 0€). Equivalently, the Levi determinant does not vanish
to infinite order along the tangential directions of {2 at any weakly pseudoconvex boundary
point.

We begin by proving a relationship between the non-flatness of the Levi determinant
and the surface measure of the weakly pseudoconvex locus. In particular, this shows that
Conjecture 2 implies Conjecture 1.

Proposition 11.1. Let Q C C" be a smooth pseudoconvexr domain. Assume that, at every
weakly pseudoconvex boundary point, the Levi determinant does not vanish to infinite order
as a smooth function on bS). Then the weakly pseudoconvex locus W of €2 has zero surface
measure on bS).

The proposition follows directly from the following elementary lemma, applied in local
boundary coordinates to the Levi determinant A,,.

Lemma 11.2. Let h € C°(V), where V.C R? is open. If h does not vanish to infinite order
at any point of h=1(0), then h=*(0) has Lebesque measure zero in R?.
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Proof. Suppose by contradiction that £ := h~!(0) has positive measure. By the Lebesgue’s
density theorem, there exists a point o € E which is a density point of E. Equivalently,

o 1Br@) \ BI _

0.
r—0 |Br(x0)|

Let k be the least integer such that some derivative of order k£ of h is nonzero at xy. Thus
the Taylor expansion of h at zy has the form

h(zo+y) = Ply) + o|y["),
where P is a nonzero homogeneous polynomial of degree k. For r > 0, set
E, ={y € B(0)) : xo+ry € E}.
Since xg is a density point of F, the measure
[ B1(0)\ £y = 0
as r — 0. On the other hand,
W — Pi(y)

uniformly for y € By(0). Since h(z¢ + ry) = 0 on E,., we obtain

/ Pu(y)| dy s/
B1(0) -

Letting r — 0, the right-hand side tends to zero. Hence P, = 0 almost everywhere on B;(0),
and therefore P, = 0, a contradiction. This proves the lemma. O]

Pr(y) —

h(xo +
Moy [ Rl
B1(0)\Er

For smooth pseudoconvex domains in C?, Kohn [11, Proposition 2.8] showed that finite
commutator type is equivalent to the nonflatness of the Levi determinant along tangential
directions. Since finite D’Angelo type and finite commutator type are equivalent in C2,
Conjecture 2 holds when n = 2. Consequently, Conjecture 1 also holds in this case by
Proposition 11.1. For the reader’s convenience, we include the proof below.

We first recall the definition of commutator type. For a smooth real hypersurface M C C2,
let L be a local nonvanishing (1, 0)-vector field tangent to M near p. For k > 1, let £, denote
the collection of all iterated commutators of L and L of length at most k. The commutator
type of M at p is the smallest integer k£ such that the values at p of the vector fields in £,
span the complexified tangent space C1,M. If no such k exists, the commutator type is
defined to be infinite.

We shall also need the following Cartan’s formula: if 8 is a smooth one-form and X,Y
are smooth vector fields, then

O([X,Y]) = X(0(Y)) - Y(0(X)) — dO(X.,Y). (11.1)

Proposition 11.3. Let Q C C? be a smooth pseudoconvex domain of finite D’Angelo type.
Then the Levi determinant, regarded as a smooth function on bS), does not vanish to infinite
order at any weakly pseudoconvex point of bS). In particular, the weakly pseudoconvex locus
W has zero surface measure on bS2.
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Proof. The assertion is local on bS). Let p € b€}, and let p be a smooth local defining function
near p. Choose a local nonvanishing (1, 0)-vector field L spanning T9(b2) near p. The scalar
Levi form is then given by

2
Np=Ly(L,L) =" p.zLiLy.

Jk=1

Since the Levi determinant agrees with A\, up to a nonvanishing scalar factor, it suffices to
show that )\, does not vanish to infinite order at p along the tangential directions L and L.

Let 6 = £(0p — Op) be the real contact form on bQ2. Then §(L) = 6(L) = 0, and ¢ does
not vanish on the remaining real tangential vector field in CT'(bS2) /(T0(bQ) @ T (bS2)).
Let C} be an iterated commutator of L and L of length k. We claim that 6(C}) is a finite
sum of tangential derivatives of A\, of order at most k — 2, with smooth coefficients. For
k = 2, we have

By Cartan’s formula (11.1),

Since df(L, L) is a nonzero smooth multiple of the Levi form, there exists a smooth nonva-
nishing function a such that
6(Cy) = aX,.

Thus the claim holds for commutators of length 2. B
Assume that the claim holds for all commutators of length k. Let X be either L or L,
and consider

Ck—i—l = [X7 Ck]
Again by Cartan’s formula and the identity 6(X) = 0, we have

0(Cri1) = 0([X, Ci]) = X(6(C)) — dO(X, Cy).
Choose a real tangential vector field T" such that 6(7") = 1. Then C} can be written as
Cr = 0(C)T + 1L + 5L,
where ¢; and ¢y are smooth functions. Since df is tensorial, we further obtain
0(Chr1) = X (0(Cy)) — 0(Cr)dO(X, T) — c1dA(X, L) — c2df(X, L).

By the induction hypothesis, 6(C}) involves tangential derivatives of \, of order at most
k—2. Hence X (6(C})) involves tangential derivatives of A, of order at most k£ —1. The term
0(Cy)do(X,T) involves no derivatives beyond those already present in 6(Cj), and therefore
has order at most k& — 2 in \,. Finally, the terms df(X, L) and df(X, L) are either zero or
smooth multiples of the Levi form, and hence contain only the factor A, itself. Altogether,
0(Ck+1) involves tangential derivatives of A, of order at most k — 1, as desired. This proves
the claim.

Consequently, if A, vanishes to infinite order at p along €2, then every finite iterated
commutator of L and L would have zero component in the missing real tangential direction.
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Hence the Lie algebra generated by L and L would fail, at every finite order, to generate the
full complexified tangent space CT,(b€2). Thus the commutator type at p would be infinite.
However, since finite D’Angelo type is equivalent to finite commutator type in C2, this
contradicts the assumption that p is of finite D’Angelo type. Therefore A, cannot vanish to
infinite order at p. [

A Proof of Lemmas 2.5, A.1 and A.2

We first prove Lemma 2.5, which relates the determinant of the bordered Hessian to the Levi
determinant.

Proof of Lemma 2.5. Choose an orthonormal basis {es, ..., e,_1} for the (n—1)-dimensional
complex tangent space T’ pl’o(bQ). Define the n-th basis vector as the normalized complex nor-

mal
1

|Opl
Construct the n x n unitary matrix U = [eq, es, . .., €,], where e} are column vectors.

Under the holomorphic coordinate change z = Uz, we define the localized defining func-
tion p(2) = p(UZ2). In particular,

(9p)".

€p =

det(H};d) = det(ljlgd),

where H/E’d and f[gd are the corresponding bordered Hessian matrix with respect to coordi-
nates z and z, respectively. By the chain rule,

Zapazj: (9p():0

(9zk 8zj 0z, (9

where the last equality is due to the fact that the vector e, lies in the complex tangent space
Tpl’o(bQ). For the normal direction k& = n, substituting the components of e,, yields

1 dp _
3zn Z < 0z \0p] aZJ \apf Z

Thus, in the zZ-coordinates, the complex gradient row vector is exactly

82]

9:p = (0,0,...,0,]9p)).

On the other hand, by construction and definition, the upper-left (n — 1) x (n — 1) block of
the transformed Hessian H, is precisely the restricted Hessian H Therefore, H bd takes the
following form

0 0 ... 0 |9p
0 *
rrbd . ~
H7" = : H,
0 *
9] *



We then obtain by cofactor expansion that
B B n—1
det(H5) = ~|0pP det(H,) = ~|9p [] A
j=1

The proof is complete. O

The following lemma provides the construction of a locally finite covering for open sets
of R™, as used in Proposition 3.1.

Lemma A.1. Let U be an open set in R?. For any r > 0, there exists a countable, locally
finite collection of open balls with radius less than r that covers U.

Proof. For each integer m > 1, define the compact set
K, ={zeU:|z|| <mand d(z,U%) > 1/m},

where d(x, A) denotes the distance from z to the set A. Then K,, C int(K,1) and
U_, Kn =U. Let Ky =0 and set

Vin = it (K1) \ Koy form > 1.

The collection of open sets {V;,}>°_; is a locally finite covering of U.

Now, since each V,, is compact, V,, can be covered by finitely many open balls of radius
less than r, each contained in K, 5\ K,,_2 (setting K_; = )). Denote this finite collection
of balls by B,,. Set

B = B

(G

m=1

Then B is a countable collection of open balls with radius less than r, and its union is U.
Indeed, every point of U has a neighborhood intersecting only finitely many of the sets V,,,
and hence only finitely many of the corresponding collections B,,. Thus B is the desired
locally finite covering of U. O

The following is a well-known fact concerning the composition of smooth non-decreasing
convex functions with convex or plurisubharmonic functions.

Lemma A.2. Let ¥ : RV — R be a smooth convex function that is nondecreasing in each
variable.

1. If D C R? is a convex domain, and u = (uy,...,uy) : D — RY is smooth, with each
u; convex on D, then W owu is conver on D.

2. If Q C C?is a domain, and u = (uy,...,uy) : Q@ — RN is smooth, with each u,
plurisubharmonic on ), then W o u is plurisubharmonic on Q.
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Proof. We first prove the convex case. Since ¥ is smooth and nondecreasing in each variable,
we have
v, >0, j=1,...,N,

where U; = 0¥ /0z;. The convexity of ¥ further gives its real Hessian
D*V¥ > 0.
Let U = ¥ o u. By the chain rule,
N N
D*U = Z U, (u) D*uj + Z () duj; & duy,.
j=1 jk=1

Thus, for every ¢ € RY,

D*U(€,€) = quj(u) Du;(€,€) + Z W5 (w) du (€) dug(€).

The first sum is nonnegative because ¥; > 0 and each u; is convex. The second sum is
nonnegative because D*¥ > 0. Hence D?U > 0, and therefore U = ¥ o u is convex.

The plurisubharmonic case is analogous. Let now Q C C? and assume that each u; is
smooth plurisubharmonic. For every ¢ € C?, the complex Hessian of U = W o u is

Hy(6,8) =) W(u) Hy () + > Wnlu) uy (&) dug(9).

j=1 J,k=1

Since both terms are nonnegative by assumption,

HU (572) Z 0
for every ¢ € C¢. Thus U = ¥ o u is plurisubharmonic. O]

B A question on D’Angelo type of non-algebraic hy-
persurfaces

Determining whether a smooth hypersurface is of finite D’Angelo type is, in general, techni-
cally difficult in practice. In this section we present an elementary-looking (non-algebraic)
real-analytic hypersurface in C? for which a direct computation of the type does not appear
to yield an effective method.

Question. Let ¢; € C, d; € R and a;,7; € RT, j = 1,2, be constants, and let
U ={(z,w) € C*: [z = ¢j)* + |Imw — d;|* < rZ}, j=1,2

be two cylinders in C?. Set U := U; NU,. Suppose that U # () and consider the hypersurface
M in U defined by

2 1
M = {(Zy w) E U . Rew — Zaje\zfcj|2+|lmw—dj‘277‘]2_ }

=1
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Is M of finite D’Angelo type at every point of M?

Note that the hypersurface M in the above is real-analytic. However, the global theorem
of Diederich—Fornaess does not apply directly, since M is a locally defined real-analytic
hypersurface and does not arise as a compact real-analytic variety. When only one cylinder
is involved, however, finite type can be established by a direct argument, as the following
example shows.

Example 5. Let c€ C, d € R, and r € Rt be constants, and let
U= {(z,w) € C*: |z — ¢’ +|Imw — d|* <r?}.

Consider the hypersurface M defined by

M = {(z,w) € U : Rew = el—cPHmw—a?=2 ]
Then M of finite D’Angelo type at every point of M.

Proof. The hypersurface M is real-analytic in U. Suppose, by contradiction, that M is
of infinite D’Angelo type at some point p € M. By D’Angelo’s theorem, there exists a
nonconstant holomorphic curve

7€) = (2(¢), w(C))

such that v(0) = p and 7(¢) € M for all ¢ sufficiently close to 0.
Write u = Rew and v = Imw. Along the curve v, the defining equation of M gives

1
u(¢) = el —dZ =7

Since (2(¢),w(¢)) € U, we have 0 < u(¢) < 1. Taking logarithms and then reciprocals, we

obtain
1

Inu(C)

Since z and w are holomorphic, while v and v are harmonic conjugates, applying the Lapla-
cian with respect to ¢ in the above gives

= [2(0) = c|* + [v(¢) — d|* —r*.

F'(u)|Vu|* = 4]2']* + 2|Vo|?,

where

F(s): 0<s< 1l

" Ins’
Making use of the equalities |Vu|* = |Vv|? = |w'|?, we further obtain

g(u()w' ()1 = 4/ (Q)I%, (B.1)

where
24+ 1Ins

s2(Ins)3

We first consider the case z/ = 0. Then (B.1) implies
g(u(O)w'(OF = 0.
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If w' = 0, then ~ is constant, a contradiction. Otherwise, on an open set where w’ # 0, we
have
9(u(¢)) = 0.

Since © = Rew and w is holomorphic and nonconstant on this set, u is nonconstant there as
well. Therefore, the image of u contains a nontrivial interval. Hence g must vanish identically
on an interval. This is impossible from the explicit expression of ¢ in (B.2).

It remains to consider the case 2’ # 0. Then (B.1) also implies that w’ # 0. Hence there
exists a point near which both 2z’ and w’ are nonzero. On a sufficiently small neighborhood,
say V', of such a point, we may take logarithms in (B.1). This gives

Ing(u(¢)) +Infw'(C)]* = n4 +In|2'(C)

Since 2’ and w’ are holomorphic and nonvanishing on this neighborhood, In |z’|? and In |w'[?

are harmonic. Therefore,
A(lng(u(¢))) = 0.
Noting that u is harmonic, this further yields

G"(u(0)IVu(Q)* =0,

G(s) = n g(s) = In (w _ 2> |

s?(lns)?

But w’ # 0 on the chosen neighborhood, so |Vu|? = |w'|* # 0. Hence

where

G"(u(¢))=0 on V.

Since u is nonconstant on V' by assumption, its image contains an interval. Thus G” = 0 on
an interval, and consequently

G(s) =as+b

there for some constants a,b. This contradicts the explicit expression of GG, and thus com-
pletes the proof. n
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